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Two-Degree-of-Freedom  Linear  and 
Planar  Microwave  Array  Lenses 


1.  INTRODUCTION 

Although  the  Kotman  lens  is  considered  the  optimum  beamformer  for  producing 
time-delay  steered  beams  river  wide  angles,  its  requirement  of  a  curved  back  face 
prohibits  application  to  some  problems,  most  notably  those  requiring  large  planar 
a  n  ays.  For  such  systems  the  most  practical  lens  antenna  is  one  with  two  planar 
microstrip  (or  perhaps  monolithic'  arrays  facing  in  opposite  directions,  whose 
elements  are  connected  bv  transmission  lines  through  their  respective  ground  planes, 
fabrication  of  such  a  lens  would  be  straightforward,  in  contrast  to  a  two-dimension¬ 
al  Kotman  lens  with  its  concave-spherical  back  face. 

Yet  a  Kotman  lens  has  three  geometric  "degrees  of  freedom:"  the  curvature  of 
the  back  face;  the  difference  in  lateral  positions  of  elements  on  front  (aperture  side) 
and  back  (feed  side'  faces;  and  the  variable  transmission  line  lengths  connecting  the 
two.  In  retreating  from  that  design  in  order  to  maintain  planar  surfaces,  the 
unfortunate  tendency  is  to  discard  not  only  the  first,  but  the  second  degree  of 
freedom  as  well.  The  result  is  a  lens  that  can  focus  perfectly  only  at  a  single  point, 
but  more  importantly  one  whose  feed  cannot  scan  even  a  few  degrees  off-axis  with¬ 
out  severe  pattern  distortion. 


'  deceived  for  publication  10  October  lhfi4> 

1.  Kotman,  \\  .  ,  and  Turner,  K.  I  .  t  lltfi.'U  Wide-angle  microwave  lens  for  line  source 
applications,  ll.l.l.  Frans.  Antennas  Propag.  ,  pp.  723-632. 
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This  report  will  show  that  allowing  the  position  of  feed  side  elements  to  vary 
with  respivt  to  those  on  the  aperture  side  yields  substantially  better  performance 
in  a  lens  whose  front  and  bark  fares  are  both  linear  or  planar.  It  will  explain  the 
general  concept  in  terms  of  a  two-dimensional  (linear)  lens  and  later  extend  that 
design  to  the  planar  case.  In  comparison  to  the  one -degree -of -freedom  approach  it 
will  show  that  phase  errors  can  be  reduced  bv  two  orders  of  magnitude,  allowing 
synthesis  of  low  -sidelobe  patterns  over  an  angular  region  eight  times  as  large. 


2.  LINEAR  LENS 

2.1  Uniform  Element  Spacing 

I'mier  t ho  constraint  that  both  lens  surfaces  are  flat,  we  will  consider  first 
the  two-dimensional  design  depicted  in  Figure  1.  In  this  case,  the  elements  on 
opposing  lens  surfaces  have  the  same  lateral  locations,  that  is  Y  N,  and  are  joined 
bv  transmission  lines  of  varying  length,  W.  Through  the  heuristic  argument  that 
there  can  be  onlv  as  manv  perfect  focal  points  as  there  are  degrees  of  freedom  we 
know  this  lens  can  onlv  have  one  focus  because  its  only  degree  of  freedom  is  in  the 
line  lengths.  Hut  wo  c  an  prove  this  by  attempting  to  find  a  W(y)  that  yields  two  focal 
points,  as  follows: 

The  point  source  at  ( F  cos  a,  F  sin  o)  in  Figure  1  is  to  produce  a  plane  wave 
directed  at  an  angle  o  from  broadside.  Hence  the  path  length  from  that  point  to  any 
point  on  the  wavefront  must  be  constant: 

It  j  •  W  •  \  sin  (V  -  F  •  VV  .  (1) 

Ur  want  the  second  point  to  produce  a  wavefront  directed  at  -o' and  therefore 

K.  •  W  -  N  sin  o  -  F  •  V\  .  (2) 

2  o 

I  he  distances  It  ^  and  are 

2  2  I  /  > 

K  |  F  Y  -  2  YF  sin  nr|  (3) 

2  2  1/2 

It  ,  [  F  Y  2  YF  sin  a]  '  .  (4) 
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The  best  comparison  between  the  two  cases  is  in  terms  of  the  normalized 
path  length  error.  In  the  first  (Y  =  N)  the  path  length  from  an  arbitrary  point  on  a 
local  arc  of  radius  K  to  an  aperture  element  is 

I.  -  W  ■  U  F  W  -  IF2  ■  Y2|1/2  *  IK2  ■  Y2  -  2  YF  sin  tv] 1/2  (10) 

o 

while  the  hesireh  path  length  is 

C  --  F  W  -  N  sin  <v .  (ID 

I  he  path  length  error  normalized  to  the  focal  length  with  Y  -  N  is 

1 ...! '  =  (1  •  v2)1^2  -  ( 1  •  v“  -  ysin  cv)^2  -  vsin  cv  (12) 

a  here  v  -  Y/l  .  Figure  3  shows  c/F  vs  y  for  various  choices  of  O’.  To  put  these 
-inis  in  r>e  rspective,  when  or  =  S’  the  error  at  y  -  0.  6F  is  0.  007  F.  For  a  lens 
a1  ..I-  to.  at  length  is  a  mere  10  wavelengths  that  translates  into  a  phase  error  of 
'  .  Figures  da.  b,  and  c  show  the  progressive  degradation  in  the  qualitv  of 

!•••  i 1  -  produced  by  sources  at  <v  -  O’,  2.5',  and  5’  along  the  focal  arc  using  example 
i  meters  of  F  =  1 ,  2 00 A  ( I .  is  the  lens  diameter)  and  element  spacing  of  3.  4  1A  . 

In  the  second  case,  Y  i  N,  the  desired  path  length  I,  is  the  same  as  Fq.  (11) 
h  r  ’he  actual  path  length  is 

1 .  F  •  W  ■  [  F  Y  -  2  YF  sin  tv]  ' 

-  I[  F“  ■  Y2  -  2  YF  sin  ,i  \l/2  -  i  |  F2  •  Y2  •  2  YF  sin  ,1  ]1/2  (13) 

where  tv  is  the  angle  of  the  source  and  p  is  the  chosen  angle  of  perfect  focus. 

Figure  5  shows  that  even  when  is  chosen  as  O'  (that  is,  a  single  focal  point)  the 

error  associated  with  the  innermost  beams  is  reduced  tremendously  compared  with 
Figure  3.  Figure  6  shows  the  improvement  in  beam  quality  for  a  -  2.5’,  5’,  and 
7.5  ,  again  with  the  parameters  F  I.  =  200A  and  I  3.  4  1A  .  f  igure  7  shows  the 
path  length  errors  resulting  from  nerfert  focusing  at  t  15’.  The  improvement  of 
the  outer  beams  (o  •  30’,  45')  is  about  the  same  as  the  degradation  of  the  inner 
beams  )  <v  -  01 ,  5  ’ ). 
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Figure  3. 
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Normalized  Path  Length  Krror,  V  -  N 
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3.  PLANAR  LENS 

Extending  the  preceding  design  to  a  planar  lens,  one  might  hope  to  get  more 
than  two  focal  points.  Certainly  three  should  be  possible  since  there  are  two 
degrees  of  freedom  in  either  x  and  y  or  p  and  <p,  plus  a  third  in  w.  However  we 
will  neglect  variation  in  p  and  show  instead  a  rotationally  symmetric  two-degree- 
of-freedom  design  which  yields  substantially  better  off-axis  focusing  than  the  similar 
one -deg  ree- of- freedom  design. 


3.1  Single- Degree- of- Freedom  Planar  Lens 

Figure  15  is  the  generalized  planar  lens  geometry  with  normalized  coordinates 
(p,  0  )  and  (0,  Op)  on  aperture  and  feed  sides  respectively.  Hearn  ports  are  located 
on  a  sphere  of  radius  F  whose  center  is  at  r  =  0.  1  he  normalized  coordinates  of 

any  point  on  the  sphere  are  (xf„  y^,  Zj.)  -  (sin  0  cos  0,  sin  0  sin  o.  -  cos  0).  1  he 

distance  from  the  beam  port  to  an  arbitrary  point  on  the  lens'  feed  side  is 

r-  -  ii  I  1  •  l)^  -2d  sin  0  cos  (Op  -  o)|!^  (Vi) 


and  the  desired  path  length  to  any  aperture  element  is 
^  I 

(  -  1  •  wrj  -  p  siri  t)  i  os  (oa  .  0)  . 


(20) 


I  Igure  If,. 


Helercneo  Ceometrv,  Planar  Fens 


Optimum 
Focal  Arc 
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2.5  Beam  Port  Refocusing 

There  is  yet  one  further  improvement  we  could  make  in  the  lens  design.  Note 
that  in  f  igures  5  and  7  the  path  length  errors  tend  to  be  quadratic,  in  contrast  to 
Figure  3,  in  which  they  are  cubic.  The  second-order  quadratic  error  can  be 
suppressed  by  "refocusing11  the  beam  ports,  that  is  moving  them  closer  to,  or 
farther  away  from  the  lens  while  maintaining  their  angular  positions. 

For  Figure  12  the  angle  of  perfect  focus,  /i  ,  was  chosen  at  15°,  and  the  figure 
shows  how  the  error  associated  with  the  on-axis  beam  port  ( «  =  0)  var  ies  as  it  is 
moved  away  from  the  lens.  Clearly,  the  ideal  position  depends  on  the  aperture 


length:  if  N 
is  better-. 


0.  (i  F  then  (!  should  be  1. 05  F;  if  N  -  0.  4  I-  then  (i 

max 


1.  005  I 
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2.4  Pattern  Synthesis 

White-’*  discusses  pattern  synthesis  with  multiple-beam  antennas.  The  technique 
is  fairly  straightforward  when  the  beams  produced  by  each  feed  are  orthogonal,  which 
in  the  case  of  sin(x)/x  beams  implies  that  each  beam  peak  coincides  with  the  first 
nulls  of  adjacent  beams. 

For  example,  assuming  parameters  I-  •-  I.  =  200A,  the  beamwidth  is  0.3°.  Then 
the  beam  ports  should  be  spaced  at  0.  3®  intervals  along  the  focal  arc.  If  we  now 
want  to  create  a  Hamming  window  aperture  distribution,  we  refer  to  Figure  9  show¬ 
ing  the  Fourier  transforms  of  the  rectangular  and  Hamming  windows.  At  the  first 
null  of  the  rectangular,  the  Hamming  is  -7.4  1  dB.  Therefore,  the  correct  ampli¬ 
tude  weights  for  a  three  -element  suharray  are  -7.41  dB,  0.  0  dB.  -7.41  dB. 


Figure  9.  Rectangular  and  Hamming  Window  Transforms 

We  have  chosen  the  Hamming  distribution  because  it  can  be  produced  using  a 
small  number  of  feed  elements.  Distributions  such  as  the  Dolph  C'hebyshev  or  the 
Tavlor  will  in  general  require  a  large  number  of  feed  elements  and  consequently 
elaborate  beam-switching  networks.  Appendix  A  shows  that  given  only  three  beam 
ports,  the  Hamming  window  gives  the  lowest  peak  sidelobes. 

f  igures  10a,  b,  and  c  show  the  (error-free)  patterns  produced  by  the  two- 
deg ree-of-f reedom  linear  lens  focused  at  ±2.5°  when  the  subarray  is  centered  at 
O  ',  2.  a  ’,  and  5°,  respectively.  Figures  1  la,  b,  and  c  show  the  attempt  to  do  the 
sa me  with  a  Y  N  lens:  even  with  the  subarray  on-axis,  path  length  errors  in  the 
t  0.  30’  beams  are  sufficient  to  raise  the  near-in  sidelobes  by  about  5  dB. 

3.  White,  W  .  I).  1  1  962)  Pattern  limitations  in  multiple-beam  antennas,  1KHH  T rans. 

Antennas  and  Propag.  ,  pp.  430-436. 


In  the  two-degree -of-freedom  design  with  both  perfect  focal  points  on  axis 
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F  tan  >  . 
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Bv  the  identity 


tan  % 


sin  > 


y\  -  sin2 


F  sin  y 


P  -  N“  y F 2  -  F2  sin2  >• 


(16) 


(17) 


which  implies  that 


N  F  sin  y  (18) 

which  satisfies  the  Abbe  condition  identically  with  f  =  F.  Hence,  a  classical  optics 
analysis  verifies  what  we  have  already  established:  that  this  lens  is  capable  of 
limited  feed  displacement  without  significant  defocusing. 


Figure  8.  Sine  Condition  Geometry 


Figure  7.  Normalized  Path  Length  Error,  Y  4  N,  )3  =  15 


2.3  The  Sine  Condition 

A  well-known  theorem  of  geometrical  optics  known  as  the  "Abbe  sine  condi¬ 
tion"^  states  that  in  order  for  a  lens  to  focus  off-axis  the  lateral  coordinate  N  at 
which  a  ray  from  the  on-axis  focus  exits  the  aperture  must  equal  a  constant  f  times 
sin  y  where  y  is  the  angle  between  the  lens  axis  and  the  ray  from  the  focus  to  the 
back  lens  face  as  shown  in  Figure  8. 


N  =  f  sin  y  .  (14) 


2.  Horn,  Max,  and  Wolf,  Emil  (1964)  Principles  of  Optics,  Pergamon  Press, 
Oxford,  Fngland. 


Normalized  Path  Length  Error,  Y  t  N,  ji 


If  hi'  i-hoiwe  0  -  0  for  perfect  focus  at  broadside  we  get  the  error  levels  shown 
in  Figure  lit,  again  for  8  =  5"  and  F/l)  -  1.  In  comparison  to  Figure  16  the  magni¬ 
tude  of  the  error  is  reduced  by  a  factor  of  10.  Furthermore  it  is  approximately 
constant  along  any  line  parallel  to  (<p^  -  0)  -  !)0°,  indicating  that  the  beam  is  per¬ 
fectly  focused  in  the  p-plane  perpendicular  to  that  containing  the  beam  port. 
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f  igure  18.  Path  Length  Krror  Contours, 

2  I).  <).  F.  ,  9  =  5°,  9  =  0 
o 

When  we  set  0  5°  :  0,  attempting  to  focus  off-axis,  we  get  errors  identical 

to  those  shown  in  figure  18,  except  rotated  00°.  In  other  words,  the  overall 

focusing  is  not  improved,  but  perfect  focusing  is  achieved  in  the  beam's  own 

q-  plane  rather  than  the  one  perpendicular  to  it. 

In  Figure  IF  the  r ms  path  length  error  is  shown  vs  0  for  several  choices  of 

0  .  It  is  always  minimum  at  0  -  0  ,  but  for  0  >  5*  the  degradation  in  beams 

o  o  o 

inside  0  is  appreciably  worse  than  the  improvement  in  beams  outside  0().  This 
suggests  that  in  most  cases  there  is  no  real  advantage  in  attempting  to  focus  off- 


Figure  10.  rms  Path  Length  Error  vs 
0.  2  D.O.  K. 


Again,  refocusing  of  the  beam  ports  is  possible,  but  the  values  of  Table  1  do 
not  apply.  For  example  with  9^  =  0  and  0  =  5°,  Table  1  gives  0(0  =  5°)  =  0.  994, 
but  the  resulting  error  contours  are  not  very  much  different  from  Figure  18  save 
that  they  are  rotated  90°  —  refocusing  in  one  direction  I®  =  01  destroys  the  focusing 
at  0  -  00°.  in  this  case  it  turns  out  that  the  best  choice  of  G  is  0.  997,  with  error 
contours  shown  in  f  igure  20.  This  does  appreciably  reduce  the  rms  error  because 
the  contour  values  are  lower  than  those  in  Figure  18,  but  the  beam  is  no  longer 
perfectly  focused  in  any  plane  of  0.  In  general  the  best  choice  of  G  is  that  which 
makes  the  error  minimum  along  a  contour  (0^  -  0)  =  ±  45°. 

3.3  Two-Degree-of-Freedom  Simulation 

Synthesizing  a  low  sidelobe  pattern  in  three  dimensions  using  a  lens  is  similar 
to  the  technique  discussed  in  Section  2.  3,  but  the  feed  is  a  seven-element  subarray 
in  an  equilateral-triangular  lattice.  When  the  array  is  shifted  off-axis  (see  Fig¬ 
ure  2  1)  to  some  other  point  on  the  focal  sphere  of  radius  F,  the  coordinates  of  the 
outer  elements  are  (found  by  inspection) 


figure  21.  Subarray  Geometry  lor  2lJ 
I  ens  1-  red 


Hu-  h,.  imwidth  of  a  oiriilar  aperture  of  diameter  IJ  is  approximately  1.  22 

4 

times  that  of  ,1  square  aperture  of  width  If,  or: 

d  ..  *  7  0°  see  t)  .  (30) 

3  IJ  o 

Ue  have  ehosen  to  simulate  a  lens  whose  aperture  diameter  and  focal  length  tire  both 
70  wavelengths  with  aperture  elements  spared  3.  4  I  A  apart  in  tin  equilateral  lattice. 

f  igures  22a -d  tire  the  patterns  of  a  one-degree-of-freedom  lens  with  the  feed 
displaced  U  ,  2.5",  5®,  and  7.5'’  off-axis  in  azimuth,  showing  the  rise  of  coma- 
error  lobes  on  the  side  of  the  main  beam  nearest  broadside.  At  2.5°  of  scan  the 
first  lobe  is  already  above  -30  <1H  relative  to  the  beam  peak.  My  contrast,  the 
patterns  of  the  two-deg ree-of-f reedom  lens  (with  perfect  focus  at  broadside)  shown 
in  figures  23a -d  show  no  appreciable  degradation  out  to  about  10°  off-axis.  Kven 
it  12.5'’  (f  igure  22d>  there  is  little  change  in  the  0=  0°.  00°,  and  120°  planes,  but 
nulls  in  the  0  :  30°,  !'0°,  and  150'  planes  are  filled  in. 

1.  (loodman,  .1.  VV.  ( 1068)  Introduction  to  h  ourier  (  iptics,  McGraw-Hill. 
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3.4  Proposed  l:\ptTimenlal  Model 


Tin'  experimental  model  we  propose  eonsists  of  two  planar  arrays  of  edge-fed 
rectangular  mn  rostnp  patches.  The  arrays,  facing  in  opposite  direction,  have  a 
common  ground  plane.  Their  elements  will  be  interconnected  through  the  ground 
plane  as  shown  in  figure  12-1.  Elements  on  the  two  faces  are  cross-polarized  to 
reduce  spillover  effects.  Meander  lines  are  used  to  achieve  the  desired  line  lengths, 
-  ,  for  the  chosen  focal  length.  This  figure  illustrates  the  potential  simplicity  of 
fabrication  of  such  a  lens,  with  a  tremendous  reduction  in  weight  over  dielectric 
or  waveguide  lenses. 


figure  24.  Proposed  Kxperimental  Mo  lei  K!  *ment  Design 


4  CONCLUSIONS  AND  RLCOMMLNDATIONS 

We  have  shown  that  a  two-deg  ree-ot -freedom  lens  in  which  positions  of  aper- 
turc  and  feed  side  elements  are  different  al1  ws  substanti  .  1 1  y  better  off-axis  per¬ 
formance  than  the  sing  le-deg  ree-of-f  reedom  design.  It  allows  synthesis  of  low- 
■nlidolio  patterns  out  to  ±  10’  from  broadside  t>-  better  with  a  very  small  number 

o!  li  ed  elements.  Although  i  s  focusing  properties  cannot  match  those  of  a  Kotnian 
lens,  both  faces  of  tin*  lens  are  planar,  which  will  make  fabrication  easier,  parti - 
cularlv  for  very  large  aperture  antennas. 

riu-  planar  lens  design  described  here  uses  only  two  of  a  possible  three  degrees 
ol  freedom  since  variation  of  element  positions  in  radius  only  is  allowed.  Varia¬ 
tion  m  angle  o  may  yield  still  better  performance,  and  should  be  studied.  Because 
"I  its  potential  application  to  limited-scan  antennas,  most  notably  multiple-beam 
satellite  communications  antennas,  fabrication  and  test  of  a  prototype  lens  is 
recommended. 


Appendix  A 

Synthesis  of  Low-Sidelobe  Aperture  Distributions  for 
Lens  Antennas  With  a  Small  Number  of  Feed  Elements 


Al.  TWO  DIMENSIONAL  LENS 


When  a  perfertiv-focusing  lens  is  illuminated  bv  a  subatrav  of  (N  -  1)  elements 
located  at  orthogonal  angles  along  its  focal  arc,  the  aperture  distribution  will  have 
the  form 

N/2  -  1 

A  (x)  =  b  cos  (n  ,7  x  /  a )  .  (Al) 

n  =  0  n 


The  length  of  the  array  forming  the  aperture  is  2a.  The  amplitude  weights  of  the 

subarrav  elements  are,  for  n=  l-N/2,  ....  1,  0,  1 . N/2-1  (N  is  odd), 

b  -  1/2  b„,  1/2  b.,  b_,  1/2  b,,  1/2  b„ . that  is  only  symmetric  dis - 

n  2  1  0  1  2 

tributions  are  considered.  Effects  of  feed  and/or  lens  element  patterns  are  neglected. 
The  far  f  eld  pattern  is  the  Fourier  transform  of  A(x): 

b  u( -  1  )n  sin(ua ) 

n  ,  a  i , 

- 2 - 7—  .  'o-l 

u“  -  (n«/a)“ 


N/2-1 

Mu)  =  2  X 

n  -  0 


If  we  allow  only  three  element  subarrav.-,  then  Kq.  (A2I  reduces  to  (with  b(1  1  >: 


flu) 


sin  (ua) 
'  it 


2  h. 


u  sin  (ua) 

77TT2 — t  • 

l  a )  -u 


( A  :o 


29 


Relative  Sidelobe  Power 


is-  \l  shnvs  the  sUs-nnth  ;if  llu'  first  f;wi'  sidrlohi’ri  <  >f  f<u>  vs  l>  / 1>  . 
mum  rn-ak  s  Me lnl)i‘  I < ■  \  t •  1  invurs  when  t>  ^  / 1 0.  !lf>2  which.  subst  il  ill ed 
i.\  ll  is 

n.  I  0.  Hi  r>s  ( i7  N  'a)  (A-t) 

the  1 1  .i  mi  >: 1  ins  window.  1  >  yoncralc  this  .  li  si  rihut  ion  with  a  lens,  we  cxcih 
I  i  ■  h  r  >  - 1  •  i  i  l  s  with  i  it  iTi-nts  of  0.  42  G.  0.  1 ,  and  0.126. 


dB 


Ratio  of  Feed  Element  Weights 


I  lutin'  \  1 .  Si  li •  I ■  iln ■  I  i ■  I  -  v—  I  li ■  i : 1  1  '■  i t'l  \\  f'i {ilits, 
I  a  in-  S  mi  '  i- 


A2.  THREE-DIMENSIONAL  LENS.  CIRCULAR  APERTURE 


'a  h«  ■  r  *  -  h  1.  Kimii-c  f\2  sh')*s  that  the  lowest  peak  sidelohe  level  occurs  when 

I;  I  \>rj  -  1 .  :.‘25.  To  generate  a  jiood  approximation  to  this  distribution  we  use  a 
■o  ven  .clement  iced  w  ith  .six  elements  Form  ini!  a  hexagon  around  the  center  element 
I  he  enter  nort  is  ex<  ite  I  with  i  urrent  h^  1  and  the  outer  elements  with  hj/fi, 

>r  II.  '.JDS!  I  '.87.}  d H ). 


A  I.  Hu/e,  I.  tp'fidt  Circular  aperture  synthesis,  I K F\ K  Trans.  Antennas  I’ronae. 
no.  'i  ■  !  .  : 
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